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0. Introduction 



Let k be an algebraically closed field of characteristic exponent p > 1. Let G 
be a connected reductive algebraic group over k and let g be the Lie algebra of 
G. Note that G acts on G and on g by the adjoint action. Let Uq be the variety 
of unipotent elements of G. Let J\f s be the variety of nilpotent elements of g. In 
[L2], we have proposed a definition of a partition of IAq into smooth locally closed 
G-stable pieces which are indexed by the unipotent classes in the group over C of 
the same type as G and which in many ways seem to depend very smoothly on 
p; moreover we studied in detail the pieces of Uq for types A and C. In [L3] we 
have studied in detail the pieces of Uq for types B and D; however the definition 
in [L3] was not based on the proposal of [L2] (which involved the partial order of 
unipotent classes). 

In this paper we propose another general definition of the pieces of Uq which 
is not based on the partial order of unipotent classes and we show that this new 
definition unifies the definitions in [L2], [L3] in the sense that for types A, C 
it can be identified with the definition in [L2] while for types B, D it can be 
identified with the definition in [L3]. The idea of the new definition is as follows. 
One needs to consider a grading g = © n g n analogous to the one associated to a 
nilpotent element over C by the Morozov-Jacobson theorem. Let Go be the closed 
connected subgroup of G corresponding to go- Now Go acts naturally on g 2 . The 
main ingredient in the definition of a piece is the definition of a suitable open Go- 
invariant subset g 2 °f 02- When p = 1 or p ^> 0, the subset g 2 ls by definition the 
unique open Go-orbit in g 2 . But this definition is not correct for general p. Now 
note that when p = 1 the centralizer in G of any element of the open Go-orbit in 
g 2 is contained in G>o, the parabolic subgroup of G whose Lie algebra is J2i>o 0* 
(a result of Kostant [K]). Based on this, we propose to define (for general p) the 
set g 2 as the set of all x E g 2 such that the centralizer of x in G is contained in 
G>o- It turns out that (at least in types A,B,C,D) this condition gives exactly 
the unique open Go-orbit in g 2 when p = 1 or p ^> 0, while in general it defines 
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a subset of g 2 which is a union of possibly several G -orbits (their number is a 
power of 2) but which is exactly what is needed to define the pieces of Uq- 

This paper is organized as follows. In Section 1 we give the definition of the 
sets 02 an d show that in types A,B,C,D these sets can be identified with certain 
explicit subsets of 02 considered in [L2], [L3]. In Section 2 we use the sets g 2 to 
define the pieces of Uq- In the appendix (written by the author and T. Xue) we 
define (at least in types A, B, C, D) a partition of Af g into smooth locally closed 
G-stable pieces which are indexed by the unipotent classes in the group over C of 
the same type as G (using again the subsets $j 2 defined in Section 1). 

Notation. The cardinal of a finite set X is denoted by \X\. 

Errata to [LI]. 

On p. 206, the last sentence in 6.8, "For classical types... classes" , should be 
removed. 

Errata to [L2] . 

On p. 452 line -5 replace IT U O by O. 
On p.452 line -4 replace IT U © by O. 
Errata to [L3] . 

On p. 774 line 6: replace "an (injective)" by "a". 
On p. 778, line 13: replace last T a by T a x. 

On p.779, line 10: after "(b) and (c)" insert: "and f a = f- a for all a". 
On p. 797, remove last line of 4.2 and last line of 4.3. 

Contents 

1. The sets $ . 

2. The pieces in the unipotent variety of G. 

Appendix (by G. Lusztig and T. Xue): The pieces in the nilpotent variety of q. 

1. The sets g$- 

1.1. Let T, W be "the maximal torus" and "the Weyl group" of G and let Yq = 
Hom(k*, T). Note that W acts naturally on T and on Yq. 

Let G' be a connected reductive algebraic group over C of the same type 
as G. In particular we have canonically Yq = Yq> compatibly with the W- 
actions. Note that G acts by conjugation on Hom(k*,G); similarly, G' acts by 
conjugation on Hom(C*,C). We have canonically G\Hom(k*,G) = W\Yg, 
G"\Hom(C*,G") = W\Y G ,. Let D G > be the set of all / G Hom(C*,G") such 
that for some homomorphism of algebraic groups h : SL 2 (C) — > G' we have 

fc(; o -i) = f(a) f o r all a G C*. Let D G be the set of all 5 G Hom(k*, G) such 
that the image of S in G\Hom(k*, G) = W\Y G = W\Y G , = G"\Hom(C*, G') can 
be represented by an element in D G i C Hom(C*,C). (See [L2, 1.1].) Note that 
D G is a union of G-orbits. The G'-orbits in Da' were classified by Dynkin. They 
form a finite set in natural bijection with the set of G-orbits in Da- 
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Let G der be the derived group of G. The simply connected covering G der G 
of G der induces a bijection 3D Gder -+ Dg. This follows from the analogous assertion 
for G' which is immediate. 

1.2. Let 5 G Hom(k*, 67). For any i G Z we set 
0* = {iGg; Ad(5(a))x = a l x Va G k*}. 

We have a direct sum decomposition g = ©igzflf- For % G N we set g>^ = 
© j6 Z;j>i0j; note that gi >i is the Lie algebra of a well defined closed connected 
subgroup Gii of G. We have . . . C G 6 >2 C 6?> x C 67> and 6^ is a parabolic 
subgroup of 67 with unipotent radical 67> x and with Levi subgroup 67$ (with Lie 
algebra Qq); moreover, for any i, 67>^ is a normal subgroup of 67> . 

We set g< = ©jeZ;j<oflj; note that g< is the Lie algebra of a well defined 
closed connected subgroup 67< of G. We have 67< fl 67> = {1}. 

For any x G g let G x = {g G 6; Ad(^)x = x}. Let 

fl? = {xGfl5;G B cG|o}- 

For /i G 67q, x G g we have 67Ad(»:r = /i67 x /i _1 ; hence Ad(/i)02 = 02 - Thus, g^ ! is 
a union of orbits for the Ad-action of Gq on q 5 2 . 

In 1.3, 1.4, 1.5 we will describe explicitly the set q 2 in a number of cases. 

1.3. In this subsection we fix a k- vector space V of finite dimension and we assume 
that G = GL(V). Then g = End(V). A Z-grading V = ® te zV of V is said to 
be good if dim V, = dimV-i > diml/_i_2 for all % > 0. If a good Z-grading (Vi) is 
given and a G Z, we set 

End(F) a = {A G g; C K+a Vr G Z}, 

End(V0> a = {A G g; A(V> r ) c V> r+a Vr G Z}. 

To give an element 5 G 2)g is the same as to give a good grading V = ®iezVi 
of V (5 is given in terms of the Z-grading by S(a)\v r = a r for all a G k*,r G Z.) 

In the remainder of this subsection we fix S G Do and let (Vj) be the corre- 
sponding good grading of V. Then gf = End(V);. Let End(V)2 be the set of all 
A G End(V)2 such that A n : V- n — > V n is an isomorphism for any n > 0. It is 
easy to see that End(F)2 ^ 0. The following result will be proved in 1.6. 

(a) $ = End(V)° 2 . 

1.4. In this subsection we fix a k- vector space V of finite even dimension with 
a fixed nondegenerate symplectic form ( , ) : V x V — > k and we assume that 
G = Sp(V) = {Te GL(V);T preserves (, )}. Let s(V) = {T G End(F); (Tv, v') + 
(v,Tv') = \/v, v' G V}. Then g = s(V). 

A Z-grading V = (BiezVi of F is said to be s-good if it is good (see 1.3), dim Vi 
is even for any even i and (Vi, Vj) = whenever j + j ^ 0. 

To give an element 5 G £>g is the same as to give an s-good grading V = (BiezVi 
of V (5 is given in terms of the Z-grading by b~(a)\v r = a r for all a G k*, r G Z.) 
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In the remainder of this subsection we fix 5 G Do and let (Vj) be the corre- 
sponding s-good grading of V. Let s(V)i = s(V) n End(V)i. Then $f = s(V)i for 
any i. Let s(V)° 2 = s(V) 2 H End(F)^ (notation of 1.3). The following result will 
be proved in 1.7. 

(a) $ = *(y)i 

1.5. In this subsection we fix a k- vector space V of finite dimension with a fixed 
nondegenerate quadratic form Q : V — > k with associate symmetric bilinear form 
(, ) : V x V -> k. (Recall that (v, u') = Q(u + u') - Q(u) - Q(v') for v, v' G F and 
that the nondegeneracy of Q means that, if 1Z is the radical of (, ), then 1Z = 
if p 7^ 2 and Q : 1Z — > k is injective if p = 2.) We assume that G = SO(V), 
the identity component of 0(V) = {T G GL(V); Q(T(v)) = Q(v) G V}. Let 
o(V) = {T G End(F); (Tv, u) = G V, T\ n = 0}. Then g = o(V). 

A Z-grading F = (BiezVi of F is said to be o-good if it is good (see 1.3), dim Vi 
is even for any odd z, (V$, V,) = whenever z + j ^ and Q| =0 whenever z ^ 0. 

To give an element 5 G Dq is the same as to give an o-good grading V = ©iez^i 
of V (8 is given in terms of the Z-grading by 5(a) \y r = a r for all a G k*, r G Z.) 

In the remainder of this subsection we fix 6 G Dq and let (V,) be the corre- 
sponding o-good grading of V. Let o(V)i = o(V) fl End(V)i. Then gf = o(V)j for 
any i. Let o(y) 2 be the set of all A G 0(^)2 such that 

(i) for any odd n > 1, A n : V_ n — * F n is an isomorphism; 

(ii) for any even n > 0, A n / 2 : V_ n — >■ Vo is injective and the restriction of Q to 
A n / 2 (V- n ) is nondegenerate. 

Note that the equality o(V)§ = o(V) 2 n End(V)§ (notation of 1.3) holds when 
j)^2, but not necessarily when p = 2. The following result will be proved in 1.8. 
(a) gf = 0^. 

1.6. We prove 1.3(a). Generally, Xk will denote an element of Vfe. Let A G 
End(F) 2 - End(F)^. The transpose A* : V* V* of A carries V* to V£_ 2 . 

Assume first that A : V-i — » V-i+2 is not injective for some 2 > 2. Then 
A* : V* i+2 — > V 7 ^ is not surjective. Since dimV_j+2 > dimV_j it follows that 
A* : V* i+2 — > V*t is not injective. We can find e_j G V-i - {0} such that Ae-i = 
and e V* i+2 - {0} such that A*£_ J+2 = 0. Define S G End(F) by 

B (J2k X k) = Efe^-i ^fc + (s-t + ^- l+2 (^- l+ 2)e-i)- 

We have B G - {1}. Hence B £ G| . We have 

fc A: k^—i 

- ^2 Xk ~ ( Ax -i + ^-i+2(x-i +2 )Ae-i) 
k^-i 

= (A*i_ i+2 )(x-i)e-i - C-i+2(x- i+ 2)Ae-i = 0. 
Thus AB = BA. We see that A £ g^. 
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Assume next that A : Vi V i+2 is not surjective for some i > 0. Since 
dimVi > dimVi + 2, A : Vi — > V i+2 is not injective. Moreover A* : V* +2 — » V* is 
not injective. We can find G V, - {0} such that Aei = and £j+ 2 G V£_ 2 ~~ {0} 
such that A*& +2 = 0. Define B G End(V) by 

We have B G - {1}. Hence B £ G| . We have 

x fc ) - AB(^ x fc ) = X Ar fc _ 2 + (Ax t - 2 + i l+2 {Ax,)e,) 

k k k^i 

- y^fffc - (Ac, + £ i+2 (;r; +2 )Ae;) = (A*&+ 2 )(a;i)ei -^+2(^+2)^ = 0. 

Thus AS = BA. We see that A£g$\ 

We now assume that A : V_j — ► V_j +2 is injective for any z > 2 and A : 
^ — * Vi + 2 is surjective for any % > 0. For some n > 0, A n : F_ n — * F n is not 
an isomorphism hence A* n : V* — > V* n * s n °t an isomorphism. We can find 
e_ n G V_ n - {0} such that A n e_ n = 0. We can find £ n G V* - {0} such that 
A* n £ n = 0. For any j > we set e 2i _ n = A»'e_ n G V^-n, Cn-2j = A*^ n G ■. 
Note that e n = 0, £_ n = 0. Also, e m 7^ if m < 0, m = n mod 2 and £ m 7^ if 
m > 0, m = n mod 2. Define B G End(V) by 

S(^Xfc) = X Xfc + X (X2j-n + &j-n+2(x2j-n+2)e2j-n)- 

k k£{2h-n;he[0,n-l]} j6[0,n-l] 

We have B G G 5 <0 . If n is even then the term corresponding to j = n/2 — 1 
is x_ 2 + £ (^o)e-2 and Y.k x k ^ ^o(^o)e-2 is 7^ since e_ 2 7^ 0, £ 7^ 0. If 
n is odd then the term corresponding to j = (n — l)/2 is X-i + £i(xi)e_i and 
Efc^fc ^ £i(^i)e-i is 7^ since e_i ^0,^ 0. Thus S 7^ 1 so that S £ G^ . 
We have 

= X Acfc-2 + ^ (Ax 2j 

—n—2 £,2j-n+2(Ax 2 j- n )e 2 j— n ) 

k(jt{2h-n;he[0,n-l]} je[0,n-l] 

^ Acfc - ^ (Ax 2 j-n + &j-n+2(x 2 j-n+2)Ae2j- n ) 

k<£{2h-n;h€[0,n-l]} je[0,n-l] 

= X {A*£ >2 j- n+2 ){x 2 j- n )e 2 j- n — ^ £ 2 j_n+2(2 ; 2j-n+2)A-e 2 j_ n 

je[o,n-i] ie[o,n-i] 

= X ^2j-n(x2j-n)^2j-n ~ ^ £,2j-n+2 (x 2 j - n+2 )e 2 j - n+2 
je[0,n-l] j6[0,n-l] 

= X ^2j-n(x 2 j-n)e 2 j- n — ^ £2j-n(^2j-n)e2j-n 
jS[0,n-l] je[l,n] 

£,—n(X—ri)€-—n £,n(x n ^)C n 
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since X- n = 0, e n = 0. Thus BA = AB. We see that A <£ 

We have shown that End(V) 2 - End(V)§ c End(V) 2 - Q 2 ■ 

Conversely, let A G End(V)%. We show that A G Q 2 . Let B E G be such 
that AB = BA. It is enough to show that B G G 5 >0 . We argue by induction 
on dim V. If V = the result is clear. Assume now that 7^0. Let m be the 
largest integer > such that V m ^ 0. If m = we have G> = G and the result 
is clear. Assume now that m > 1. We have A m V = V m , ker(A m : V — > V) = 
V>_ m+ i. Since = AS we have S(A m F) = A m V , S(ker(A m : V -> V)) = 
ker (A- : V — > V). Hence B(V m ) = V m and S(V>_ m+1 ) = V>- m+1 . Hence 
S induces an automorphism B' : V — > V where V = V>- m ^.\/V m . We have 
canonically V = V- m+1 ®V- m+2 ®. • .®V m -i and End(y') 2 , End(y')2 are defined 
in terms of this (good) grading. Now A induces an element A' G End(y')2 and 
we have B'A' = A'B' . By the induction hypothesis, for any i G [— m + 1, m — 1], 
the subspace V* + V^+i + • • • + V^_i of V is S'-stable. Hence the subspace 

Vi + V i+1 H + Vm-! + V m of V is B-stable. We see that B G G| . This 

completes the proof of 1.3(a). 

1.7. We prove 1.4(a). Generally, Xk will denote an element of V/-. 

Let A G s(V)2 — s(V)2- Assume first that A : V-i — > V-i +2 is not injective for 
some i > 2. Then A : V,- 2 Vi is not surjective and since dimVi_2 > dimVi, we 
see that A : Vi- 2 Vi is not injective. We can find e_i G V-i — {0} such that 
Ae-i = 0. We can find e;_ 2 G Vi- 2 -{0} such that Ae;_ 2 = 0. Define B e End(V) 



by 




x k + (x-i + (e»_ 2 , x_ i+2 )e_i) + (xi_ 2 + (e_j, :r;)e;_ 2 ) 



fc 



k^-i,i-2 



where Xk G 14. We have 



fc A; k k 




k^—i+2, — i,i,i — 2 k 



= (ei-2, x- i+2 )(e-i, x'i) + (xi, e-i)(ei- 2 , x'_ l+2 ) 
+ (e- i7 Xi)(ei- 2 ,x'_ i+2 ) + (x_ i+ 2,ei_2)(e_i,a;-) 
= 0. 
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Thus, B G Sp(V). More precisely, B G G s <0 - {1}. Hence B £ G| . We have 

k k 

= ^2 Ax k-2 + (Ax-i-2 + (ei-2, Ax-i)e-i) + (Ac;_ 4 + (e_i, Axi_ 2 )e i _ 2 ) 

- ^2 Ax k - (Ax-i + (ei-2, x-i +2 )Ae-i) - (Axi- 2 + (e_j, £;)Ae;_ 2 ) 

= -(Aei-2,x-i)e-i - (Ae-i,Xi-2)ei-2 - (e;_ 2 , £_; +2 )Ae_; - (e-i, Xi)Aei- 2 = 0.| 

Thus, AB = BA. We see that A <£ q 6 ^ . 

Next we assume that A : V_ 2 — >■ Vo is not injective. We can find e_ 2 G V-2 — {0} 
such that Ae_ 2 = 0. Note that K' = ker(A : V -* V 2 ) ^ 0. (Indeed A : V —> V 2 
is the transpose of A : V-2 — > Vq hence is not surjective. But dimVb > dimV^ 
hence K' ^ 0.) We can find e G V - {0} such that Ae = 0. Define B G End(V) 
by 

B Q2 x k) = ^2 x k + (x-2 + (eo,x )e-2) + (xo + (e-2,X2)e ). 

k k^-2,0 

We have 

(B(j2 x k),B(j2 x 'k))-(J2 x ^J2 x 'k) 

k k k k 

= (x + (e_ 2 , x 2 )e , + (e_ 2 , £ 2 )e ) + (x_ 2 + (e , a; )e_ 2 , x 2 ) 
+ (x 2 ,x'_ 2 + (e ,Xo)e_ 2 ) + 

fc^-2,0,2 k 

= (x , (e_ 2 , 4) e o) + ((e_ 2 , x 2 )e , Xq) + ((e , x )e_ 2 , x 2 ) + (x 2 , (e , 4) e -2) 

= (^o,e )(e_ 2 ,x 2 ) + (e_ 2 ,x 2 )(eo,a;o) + (e , x )(e_ 2 , x 2 ) + (x 2 , e_ 2 )(e , x' ) = 0. 

Thus S G Sp(V). More precisely, B G G^ . We have 5^1 since ^2 k Xk i— > 
(e_ 2 ,x 2 )e 7^ 0. Hence £? ^ G> . We have 

fc fe 

= ^ Ac fc _ 2 + (Ac_ 4 + (e , Ax- 2 )e-2) + (Ax-2 + (e_ 2 , Ac )e ) 
- ^2 Ax k - (Ax -2 + (eo, ^o)-4e_ 2 ) - (Ax + (e_ 2 , x 2 )Ae ) 

fc^-2,0 

= -(Ae , x_ 2 )e_ 2 - (Ae-2, x )e - (e , x )Ae- 2 - (e_ 2 , x 2 )Ae = 0. 
Thus AB = BA. We see that A g 
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We now assume that A : V_j — > V- i+2 is injective for any i > 2 and that for 
some even n > 0, A n : V_ n — » F n is not an isomorphism. The kernel of this map 
is the radical of the symplectic form x, x' \— > (x, A n x') on F_ n hence it has even 
codimension in V- n ; but then it also has even dimension since dimV- n is even; 
since this kernel is non-zero it has dimension > 2. Thus we can find e_ n ,/_ n 
linearly independent in V- n such that A n e- n = 0, A n f- n = 0. For j > we set 
e 2 j- n = A J e- n , hi-n = A 3 /_ n . We have e n = 0, / n = 0. Also e m , f m are linearly 
independent in V m if m < is even. For j e [0, n] we have (e^j-nj e n-2j) = 0, 
{f2j-n, fn-2j) = 0, {e 2j - n , fn-2j) = 0, (f 2j - n , e n - 2j ) = 0. (The last of these 
equalities is equivalent to (y4 J /_ n , A n ~^f-^) = that is to (/_ n ,A n /_ n ) = 
which follows from A n f- n = 0. The other three equalities are proved in a similar 
way.) Define B G End(F) by 



B C^2 x k)= ^2 Xk 

k k<£{2h-n;he[0,n-l]} 

+ ^2 ( X 2j-n + (-l) J (/n-2i-2, X 2 j- n+2 )e 2 j- n 
je[0,n-l] 

- (-1) J (e n - 2 j- 27 x 2j - n+2 )f 2 j- n ). 



We have 



fc A; k k 

= ^2 ( X 2j-n + (fn-2j-2,X 2j - n+2 )e 2 j- n 
jE[l,n-l] 

- (-1) 3 (e n _ 2 j_ 2 , x 2j - n+2 ) f 2j - n , x' n _ 2j + (-l) n ~ J (hj-n-2, x' n _ 2j+2 )e n - 2j 

- (-!) n_: , (e2j-n-2,X , n _ 2j+2 )f n - 2 j) 
+ (X-n + (fn-2, X2-n)e- n - (e 

+ X_ n + (f n - 2 , x 2 _ n )e- n — (e n _2, X 2 _ n )f- n ) 
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+ ( x k,x'-k) - J2(xk,x'-k) 

k^—n,2—n,...,n—2,n k 
= Ys J ( X 2j-n, (/2j-n-2, ^n-2j+2) e n-2j 

je[i,n] 

- (e 2 j-n-2,x' n _ 2j+2 )f n -2j) + Y (- 1 ) J (fn-2j-2,X 2 j-n+2)e2j-n 

jE[0,n-l] 

- (e n -2j-2, X2j-n+2)f2j-n, x' n _ 2j ) 

= Y (- 1 ) n ~ J ( a;: 2i-n,e n -2 J )(/2 J -n-2,<-2 J+ 2) 

je[i,n] 

- Y ( _1 ) n ~ J ( X 2j-n, fn-2j)(e 2 j- n -2, x' n _ 2j+2 ) 

je[i,n] 

+ Y (- l ) 3 Un-2 -2,X 2j - n+2 )(e 2j - n ,x' n _ 2j ) 
j€[0,n-l] 

- Y (- i y( e n-2j-2,X 2 j-n+2)(f2j-n,x' n _ 2j ) 
j€[0,n-l] 

= ~ ^ (-l) J (en-2j,X 2j - n )(f 2j - n - 2 ,x' n _ 2j+2 ) 

je[i,n] 

+ Y, ( _1 ) J ( e 2j-n-2, x' n _2j+2)(fn-2j, X 2 j- n ) 

je[i,n] 

+ Y (- 1 ) J ~ 1 ( e 2j-n-2,<-2 J+ 2)(/n-2j,^2 J -n) 

je[i,n] 

- Y (- i y~ 1 ( e ^-2j^X2j-n)(f2j-n-2,x' n _ 2j+2 ) = 0. 

je[i,n] 

Thus B e Sp(V). More precisely, B G G s <0 . We have B ^ 1 since xi I— > 
(/-i, xi)e_i — (e_i, xi))/_i) is 7^ 0. Hence B ^ G> . We have 

BAC^Xk) -ABCY*k) 

k k 

= Y Axk-2 + Y ( Ax -n-2+2j 

k(jt{2h-n;he{0,n-l]} j'€[0,n-l] 

+ (~1) J (f n -2j-2, Ax 2j - n )e 2j - n - (-I) 3 (e n - 2 j-2, Ax 2j - n )f 2j - n ) 

Y Axk 

kg{2h-n;he[0,n-l]} 

- Y ( A x 2j - n + (-l) J (f n - 2j - 2 ,x 2j - n+2 )Ae 2j - n 

J€[0,n-1] 

- (-l) J (e n - 2j - 2 ,x 2j - n+2 )Af 2j _ n ) 
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= ^2 (- i y((fn-2j-2,Ax 2 j-n)e2j-n-(e n -2j-2,Ax2j-n)f2j-n) 
jE[0,n-l] 

( — l-Y ((fn-2j-2,X2j-n+2)Ae2j- n — (^n-2j -2 5 X 2 j- n +2 )Af 2 j- n ) 

j€[0,n-l] 

= — ^ ( — iy~ 1 ((fn-2j,X2j—n)e2j-n + (e n -2j,X2j-n)f2j-n) 
je[0,n-l] 

+ ^ ( — 1) J ( — (/n-2j-2, ^2j-n+2)e2j-n+2 + (e n -2j-2, X 2 j- n +2) f2j-n+2) 
jE[0,n-l] 

= ^ ( — 1) J 1 ((fn-2j,X2j-n)^2j-n ~ (^n-2j,X 2 j-n)f2j-n) 
jS[0,n-l] 

+ ^ ( — ^y 1 ( — (fn-2j,X2j- n )e2j-n + (e n -2j,X2j-n)f2j-n) 

je[i,n] 

= (fni % —ri)(i—n (Ctd X — n)f— n "H ( 1) (f—m %n)&n ( 1) (C— n? %n)fn = 

since /„ = 0, e n = 0. Thus AS = 5 A We see that A £ 

We now assume that A : V-i —> V-i + 2 is injective for any i > 2 and that for 
some odd n > 0, A n : V- n — > F n is not an isomorphism. We can find e_ n G V_ n — 
{0} such that A n e- n = 0. For any j > we set e2j- n = A^e- n G V^j-n- Note that 
e n = 0. Also e m 7^ if m < is odd. We have (e2_j- n > e n-2j) = for j G [0, n]. 
Indeed we must show that (A J e_ n , A n_ - 7 e_ n ) = that is, (e_ n , A n e- n ) = 0. This 
follows from A n e_ n = 0. Define B G End(V) by 

= ^ Xfc + E ( X 2j-n + (-l) J (e n _ 2 j-2,^2j-n+2)e 2 j-n)- 

fc£{2h-n;he[0,n-l]} je[0,n-l] 

We have 



(B(J2 x k ), BC£ x' k )) - (£, *k, E 4) 

A; fc k k 

= E ( X 2j-n + (-l) J (e n -2j-2,^2j-n+2)e2j-n, 
je[l,n-l] 

x^_ 2j - + (-l) n ~ J (e 2j -n-2,x' n _ 2j+2 )e n -2j) + (x-n + (e„_ 2 , x 2 - n )e-n , <) 
+ (x n , x_ n + (e n _2, a; 2 _ n )e_ n ) + (x_fc,x fc ) — ^ ](x_fc,a: fc ) 

fc^0,l,...,n-l fc 
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= Y ( _1 ) n J ( X, 2j-n,e n -2j)(e2j- n -2,x' n _ 2j+2 ) 

je[i,n] 

e n-2j-2i x 2j-n+2 -ni x n -2j) 

[0,n-l] 

= Y (- i y( e n-2j,X2j-n))(e2j-n-2,x' n _ 2j+2 ) 

je[i,n] 

+ Y (- i y~ 1 (( e n-2j,X2j-n)(e2 J -n-2,x' n _ 2:j+2 ) = 0. 

je[i,n] 

Thus B e Sp(V). More precisely, B e G s <0 . We have B ^ 1 since #1 I— > 
±(e_i,xi)e_i is 7^ 0. Hence £? ^ G> - We have 

BA(]T x fc ) - AB(J2 4) = E Axfc - 2 

fe fc fc^{2h,-n;/ie[0,n-l]} 

e n -2j-2, Ax 2 j- n )e2j-n) 

J'€[0,n-1] 

- E AEfc 

fc£{2/i-n;h€[0,n-l]} 

- Y (Ax 2 j-n + (-iy(e n -2j-2,X2j-n+2)Ae2j- n ) 
jE[0,n-l] 

= ~ Y (- i y( Ae n-2j-2,X 2 j-n)e2j-n 

je[o,n-i] 

~ Y (-iy ( e n-2j-2,X2j-n+2)Ae2j- n 
J€[0,n-1] 

= - Y (- i y( e n-2j,X 2 j-n)e2j-n 
je[0,n-l] 

+ Y (- i y( e n-2j,X 2 j- n )e2j-n 

je[i,n] 

= (cm X— n )e— n + ( 1) (e_ n , x n )e n = 0. 

Thus, AB = BA. We see that A £ g s 2 . 

We have shown that s(V) 2 - s(V)9, C Q 5 2 - Q 5 2 \ 

Conversely, let A e s(V)%. Let B e G be such that AB = BA. It is enough 
to show that B e G> . Since A e End(V)2 we see from the proof in 1.6 that 
B(V>i) = V>i for any i e Z. In particular, £? e C7> . This completes the proof. 

1.8. We prove 1.5(a). Generally, Xk will denote an element of Vk- Let A e 
o(V) 2 -o(F)°. 
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Assume that A : V_j — > V- i+2 is not injective for some i > 2. Then A : V;_ 2 — * 
is not surjective and since dimVi_ 2 > dimVi, we see that A : Vj_ 2 — * Vi is 
not injective. We can find e_i G V-i — {0} such that Ae-i = 0. We can find 
d-2 G Vi-2 - {0} such that Ae;_ 2 = 0. Define B G End(V~) by 

B C^2 x k)= ^2 x k + (x-i + (ei-2,x- i+2 )e-i) + (xi-2- (e-i,Xi)ei- 2 ). 

k k^—i,i—2 

We have 

k k 

+ (xi-2 ~ (e- i ,x i )e i -2,X-i+2) + (x-k,Xk) ~ Q(xo) ~^2(x-k,Xk) 

k>0,k^i-2,i k>0 

= ((ei- 2 ,X-i+2)e-i,Xi) - ((e-i,Xi)ei-2,X-i +2 ) 

= (ei-2,X- i+ 2)(e- i7 Xi) - (e-i,Xi){ei-2,X- i+ 2) = 0. 

Hence B G 0(V). More precisely, B G G<o- We have B ^ 1 since X-i + 2 i— > 
(ej_2, x_i + 2)e_i is 7^ 0. Hence £? ^ G> . We have 

fc fc 

= ^ Ax k -2 + (Ax-i-2 + (ej_2, Ax-i)e-i) + (Ac;_ 4 - (e_ i; Ax i _ 2 )e i _ 2 ) 

kjL-i,i-2 

- ^ Ax k - (Ax- t + (ei-2, x-i+2) Ae-i) - (Axi-2 - (e-i,Xi)Aei- 2 ) 

kjt-i,i-2 

= (ei_ 2 , Ar_i)e_i - (e_j, Aa; i _ 2 )e i _ 2 ) - (ej_ 2 , x_ i+2 ).Ae_i + (e_;, £;)^ e ;-2 

= -(Aej_ 2 ,x_i)e_i + (Ae_ i ,x i _ 2 )e i _ 2 ) - (ej_ 2 , £_ i+2 )Ae_; + (e_j, x^Ae^ = 0.| 

Hence AS = BA We see that A £ q s 2 - . 

Next we assume that A : V-2 Vo is not injective that is, 

K := ker(A : V- 2 -> Vo) + 0. We can find e_ 2 G VI 2 - {0} such that Ae_ 2 = 0. 
Note that K' := ker(A : V — »• V~ 2 ) is 7^ 0. (If dimV is odd and p = 2 we 
have 7^ 1Z C -ftT'. If dim]/ is even or if p 7^ 2 then A : Vo — > V 2 is the 
transpose of —A : V_ 2 — * Vo hence is not surjective. But dimVo > dimV 2 
hence again K' 7^ 0.) We can find eo G Vo — {0} such that Aeo = 0. Let 
I' = { x g V 2 ; (x, K) = 0}. Note that /' 7^ V 2 . Define a linear function / : V 2 -> k 
by /(x 2 ) = (e_2, £2)\A?( e o) where a/<3(co) is a fixed square root of Q(eo). Now 
/ = on I' since e_ 2 G -KT. Hence / induces a linear function /' : V2/I' — > k. Note 
that K = (V2/I')* canonically. There is a unique linear function 7' : V2/I' — > K 
such that (7' (#2), #2) = —f'( x 2)f'(x 2 ) for all x 2 ,x 2 G V 2 /I'. Hence there is a 
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unique linear function 7 : V 2 — > V- 2 such that (7(2:2), ^2) = ~f( x 2)f(x' 2 ) for all 
0:2,2:2 in V 2 and 7(^2) C K, 'j(I') = 0. Hence A^(V 2 ) = 0. Since AVb C we 
have -yAV = 0. Define B G End(V) by 

5 (5^ Xfc ) = Xfc + ( x " 2 + ( e o,2;o)e_2 +7(^2)) + (x - (e- 2 ,x 2 )e ). 

k k^-2,0 

We have 

2: k ) 

k k 

= Q(x ) + (e_ 2 , 2: 2 ) 2 Q(e ) - (e , £ )(e_ 2 , x 2 ) + (x_ 2 , x 2 ) 

+ (e ,2:o)(e_2, x 2 ) + (7(^2), x 2 ) + (x_fc,Xfc) - Q(x ) - J^(x_fc,Xfc) 

k>0,k^2 k>0 

= f(x 2 ) 2 + ^(x 2 ),x 2 )=0. 

Thus £? G O(F). More precisely, £? G G< . We have 1 since £2 1— > (e- 2 ,x 2 )eo 
is ^ 0. Hence S £ G| . We have 

iL4(J> & ) - ^(£ 2: k ) 

k k 

= ^2 Axk-2 + (Ax-4 + (e ,Ax- 2 )e- 2 + 'j(Axo)) + (Ax- 2 - (e- 2 ,Ax )e ) 
k^-2,0 

- ^2 Ax k - (Ax- 2 + (e ,x )Ae- 2 + A'j(x 2 )) - (Ax - (e- 2 ,x 2 )Ae ) 
k^-2,0 

= -(Ae , x_2, e )e_ 2 + 7(^0) - (Ae- 2 , x )e - (e , x )Ae- 2 - ^7(2:2) 
+ (e_ 2 , x 2 )Ae = 'j(Axo) - ^7(2:2) = 0. 

Thus AB = BA. We see that A£$. 

We now assume that A : V_j — > V_j_|_2 is injective for any i > 2 and that for 
some n > 0, and some f G A n (y_ 2n ) - {0} we have (f , A n (y_ 2n ) = 0, Q(f) = 0. 
We can write £ = A n e- 2n for a unique e_2 n G V- 2n — {0}. For any j > we set 
e_ 2n +2j = -4 j e_ 2n e ^-2n+2j- Thus e = £ and (e , A n V_ 2n ) = 0, Q(e ) = 0. We 
show that e 2n = 0. Indeed, (V- 2n ,e 2n ) = (V- 2n ,A n e ) = ±(A n V- 2n , e ) = 0. For 
j G [0, 2n] we have: 

(e-2n+2j, e2n-2j) = 0. 

This follows from (A j e_ 2n , A 2n ~ j e- 2n ) = ±(A 2n e_ 2n , e_ 2n ) = (e 2 n,e_ 2 n) = 0. 
Define S G End(F) by 

B C^2 x k) = ^2 Xk 

k k<£{-2n+2h;hE[0,2n-l]} 

+ ^ ( x -2n+2j + ( — l) J (e2n-2j-2, X_2 n +2j+2)e_2n+2j)- 
ie[0,2r»-l] 
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We have 

QB(J2 x k)~Q(J2 x ^ 

k k 

= Q(X Q + (e-2,X 2 )e Q ) + ^ ( X -2n+2j + (-l) J (e 2 n-2j-2,^-2n+2j+2)e-2n+2j, 

je[i,»-i] 

%2n-2j + ( — I) 2 " - J (e_2n+2j-2, ^2n-2j+2)e2n-2j) 
+ (X-2n + (e2n-2, £-2n+2)e_2n, X 2n ) 

+ ^2 (x- k ,x k ) - Q(x ) - ^2(x- k7 x k ) 

fc>0;fc/2,4,...,2n fc>0 



= Q(eo) + (eo, x )(e-2, x 2 ) 

+ ^ ( — l)' 7 (e2n-2j,2 ; -2n+2j)(e-2n+2i-2,2 ; 2n-2j+2) 
jE[l,n-l] 

+ ^ ( — l)' 7 (e2n-2j-2,^-2n+2j+2)(e-2n+2j, ^2n-2j) 
J'e[l,n-1] 

+ (e 2 n-2, ^-2n+2)(e-2n, X 2n ) ~ Q(x ) - X k ) 

k>0 



= ^2 (~iy ( e 2n-2j, X-2n+2j)(e-2n+2j-2, X2n-2j+2) 
je[2,n-l] 

+ ^2 ( — iy ( e 2n-2j-2, X-2n+2j+2)(e-2n+2j, %2n-2j) 
j€[l,n-2] 

= ^2 ( — ^y( e 2n-2j,X-2n+2j)(e-2n+2j-2,X2n-2j+2) 
je[2,n-l] 

+ ^2 ( - l) J ~ 1 ( e 2n-2j, X-2n+2j){e-2n+2j-2, X 2n -2j+2) = 0. 
je[2,n-l] 

Hence B G SO(V). More precisely, B e G< - We have 5^1 since X2 
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(e-2 7 X2)e is 7^ 0. Hence B ^ G> . We have 

Xk) 

k k 
= ^2 Axk-2 

k(£{-2n+2h;he[0,2n-l]} 

+ ^2 ( Ax ~2n+2j-2 + (-iy(AX-2n+2j,e 2 n-2j-2)e-2n+2j) 
je[0,2n-l] 

^2 Axk 

k<£{-2n+2h;h€[0,2n-l]} 

~ ^ (AX-2n+2j + ( — l) J (2 ; -2n+2j+2, ^2n-2j-2)^-2n+2j+2) 
je[0,2n-l] 



= ^ Ax k + ^ (-l) J (Ax_2n+2j, e 2 n-2j-2)e-2n+2j) 
fc j'6[0,2n-l] 

— ^ Axk — ^ ( — l) J (^-2n+2j+2, e2n-2j-2)e-2n+2j+2 

fc j'€[0,2n-l] 

= - ^ (-l) J '(x_2n+2j, Ae2n-2j-2)e_2n+2j) 
j€[0,2n-l] 

- ^2 (- i y~ 1 ( X -2n+2j,e 2n -2j)e-2n+2j 
je[l,2n] 

= ~(^-2n, e 2 n)e- 2n ~ (-l) n (>2n, e_ 2 n)e 2n = 

since e 2n = 0. Hence AB = BA. We see that A ^ g^. 

We now assume that A : V_, — * V_ i+ 2 is injective for any i > 2 and that for 
some odd n > 0, A n : V_ n — * is not an isomorphism. The kernel of this map 
is the radical of the symplectic form x, x' 1— > (x, A n x') on V_ n hence it has even 
codimension in V_ n ; but then it also has even dimension since dimV_ n is even; 
since this kernel is non-zero it has dimension > 2. Thus we can find e_ n , /_ n 
linearly independent in V_ n such that A n e- n = 0, A n f- n = 0. For j > we set 
e 2 j- n = A J e- n , f 2 j- n = A J f_ n . We have e n = Q,f n = 0. Also e m , f m are linearly 
independent in V m if m < is odd. For j e [0, n] we have (e2j_ n > e n-2j) = 0, 
if2j-n,fn-2j) = 0, (e 2 j- n , fn-2j) = 0, (/ 2 j_ n , ^n-2j) = 0. (The last of these 
equalities is equivalent to {Ai f_ n , A n ~i f_ n ) = that is, to (/_ n ,A n /_ n ) = 
which follows from A n f_ n = 0. The other three equalities are proved in a similar 



16 



G. LUSZTIG 



way.) Define B e End(V) by 

B C^2 x k)= ^2 Xk+ 

k k£{2h-n;he[0,n-l]} 

(x 2j - n + (-iy(f n -2j-2,X2j-n+2)^2j-n 

je[0,n-l] 

— ( — l) J (e n _ 2 j-2, X2j-n+2)f2j-n)- 

We have 

QB(J2xk)-Q(Ys X k) 

k k 

= Q(X ) + ^ ( X 2j-n + (-l) J (fn-2j-2,X2j-n+2)e2j-n 

je[l,(n-l)/2] 

— ( — l) J (e n _2j-2, X2j-n+2)f2j-ni 

X n -2j + (-l) n_J (/2j-n-2, X n -2j+2)e n -2j ~ (e 2 j-n-2, Xn-2j+2)fv 

+ (X- n + (fn-2, X 2 -n)e- n ~ (e n— 2? X2—n)f—ni X-n) 

+ ^2 (x- k ,x k ) +Q(x ) - ^2(x- k ,x k ) - Q(x ) 

k>0;k^-n,2-n,...,n-2 k>0 



— ^2 ( x 2j-n, ( — 1)" ^ (f2j-n-2,X n -2j+2)e n -2j 
j€[l,(n-l)/2] 

— ( — l) n 3 (e2j-n-2, x n-2j+2)fn-2j) 

+ ^2 ((-l) J (fn-2j-2,X2j- n +2)e2j-n 

j6[0,(n-l)/2] 

— ( — l) J ( e n-2j-2, X2j-n+2)f2j-m X n -2j) 



E (• 


-l) n - j (e n -2j, 


X2j-n){hj- 


-n-2i X n -2j+2) 


j€[l,(n-l)/2] 








E (- 


-l) n - j (fn-2j, 


X2j- n ){e 2j - 


-n-2, X n -2j+2) 


je[l,(n-l)/2] 








E (- 


-t) 3 {hj-n,X n 


-2j)( e n-2j- 


_2, X2j- n +2) 


je[0,(n-l)/2] 








E <- 




-2j)(fn-2j- 


_2, X2j- n +2) 


j€[0,(n-l)/2] 
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= ^2 (-l) n_J ( e n-2j, X2j-n)(f2j-n-2, X n -2j+2) 

j€[l,(n-l)/2] 

— ^ ( — l) n J (/n-2j, ^2j-n)(e2j-n-2, ^n-2j+2) 
je[l,(n-l)/2] 

— ^2 ( — ^y~ 1 (f2j-n-2,X n+ 2-2j)(e n -2j,X2j—n) 
je[l,(n+l)/2] 

+ ^ (-iy~ 1 (e2j-n-2,Xn+2-2j)(fn-2j,X2j-n) 

j6[l,(n+l)/2] 

Thus, B G O(V). More precisely, B G G^ . We have B ^ 1 since xi I— > 
±((/_i,xi)e_i - (e_i,xi))/_i)) is ^ 0. Hence B £ G| . We have 

BA(J2%k) - AB(J2%k) = Axk ~ 2 

k k k(£{2h-n;he[0,n-l]} 

+ ^2 ( Ax ~n-2+2j + (-l) J (fn-2j-2,Ax2j- n )e2j-n- 
jE[0,n-l] 

(-l) J (e n -2j-2,Ax2j-n)f2j-n)- ^ AXk 

kg{2h-n;h€[0,n-l]} 

- ^2 (Ax 2 j-n+ (-l) J (fn-2j-2,X2j-n+2)Ae2j-n 
jE[0,n-l] 

~ (-l) J (en-2j-2,X2j-n+2)Af2j-n) 

= ^2 (~^y ((fn-2j-2, Ax 2 j-n)e2j—n - (e n -2j-2, Ax2j-nj)f2j-n) 
jE[0,n-l] 

( — iy ((fn-2j-2,X2j-n+2)Ae2j- n — (e n -2j -2, X 2 j -n+2) Af 2 j - n ) 

j€[0,n-l] 

= - ^2 (-^y~ 1 ((fn-2j,X2j-n)e2j-n + (e n -2j,X2j-n)f2j-n) 
je[0,n-l] 

+ ^2 (~^y (~( fn-2j-2,X2j- n +2)e2j-n+2 + {^n-2j -2^ X 2 j -n+2) f2j -n+2) 
j€[0,n-l] 

= ^2 (~^y 1 ((fn-2j, X2j- n )e2j-n — (e n -2j, X2j-n)f2j-n) 
jE[0,n-l] 

+ ^2 (-iy~ 1 (-(fn-2j,X2j-n)e2j-n+ (e )/2j-n) 

je[i,n] 

\fni X —n)G— n 4" (fin, + ( 1) (/— n? X n )C rl ( 1) (e_ n , X n )/n 
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since f n = 0, e n = 0. Thus AB = BA. We see that A <£ q s 2 1 . 
We have shown that o(V) -o^C^- 02- 

Conversely, let A E o(V)§. Let B E G be such that AB = BA. It is enough 
to show that B E G s >0 . We argue by induction on dim]/. If V = the result 
is clear. We now assume V 7^ 0. Let to be the largest integer > such that 
V m 7^ 0. If to = we have G> = G and the result is clear. Assume now 
that to > 1. If to is odd we have A m V = V m , ker(A m : V -> V) = V>_ m+ i. 
Since £?A = AS, the image and kernel of A m are S-stable. Hence -B(V m ) = V m 
and S(V>_ m _|_i) = V>_ m +i. Hence B induces an automorphism B' E <SO(V') 
where V' = V>- m+ i/V m , a vector spaces with a nondegenerate quadratic form 
induced by Q. We have canonically V = V_ m +i © V- m+ 2 © ... © V^_i and 
o(V)2, o(V')2 are defined in terms of this (o-good) grading. Now A induces an 
element A' E o(V')2 and we have B'A' = A'B'. By the induction hypothesis, for 
any i E [— to+1,to— 1], the subspace Vi+Vi+i + - ■ •+V m -i of V is S'-stable. Hence 
the subspace V>j of V is S-stable. We see that B E G s >0 . Next we assume that 
to is even. We have V>_ m+ i = {x E V; A m (x) = 0,Q(A m / 2 x) = 0} (we use that 
A E 0(1^)2). Since B commutes with A and preserves Q we see that B preserves 
the subspace {x E V;A m (x) = 0,Q(A m / 2 x) = 0} hence B(V>- m+1 ) = V>- m +i- 
We have V m = {x E V;(x,V>- m +i) = 0,Q(x) = 0}. Since B preserves the 
subspace V>_ m+ i and B preserves Q and (,) we see that B(V m ) = V m . Hence 
B induces an automorphism B' E SO(V) where V = (V>- m +i) /V m , a vector 
space with a nondegenerate quadratic form induced by Q. We have canonically 
V = V- m+ i © V-m + 2 © ... © Vm-! and o(V')2, o(V')% are defined in terms of this 
(o-good) grading. Now A induces an element A' E o(V')2 and we have B'A' = 
A'B'. By the induction hypothesis, for any i E [—to + 1,to — 1], the subspace 
Vi + Vi + i + ■ ■ ■ + Vm-i of V is S'-stable. Hence the subspace V>i of V is S-stable. 
We see that B E G 5 >0 . This completes the proof. 

1.9. Let 5 E ®g- We describe the set of G^-orbits of g^' (see 1.2) in the cases 
considered in 1.3-1.5. If G,g are as in 1.3 or as in 1.4 (with p 7^ 2) or 1.5 (with 
p 7^ 2) then, using 1.3(a), 1.4(a), 1.5(a), we see that Gq acts transitively on g^ 1 . If 
V, G, q are as in 1.4 (with p = 2) then the set of Gp-orbits of 02 = s (^)° i s a se ^ 
(with cardinal a power of 2) described in [L2, p. 478]. In the rest of this subsection 
we assume that V, Q, (, ), G, q are as in 1.5 and p = 2. Let (Vi) be the o-good 
grading of V corresponding to 6. For any n > let d n = dim V-2 n - Let M = {n > 
0;d n — odd}. If M = then Gq acts transitively on 02 = °(^)2- Now assume 
that M 7^ 0. We write the elements of M in increasing order n < n\ < ■ ■ ■ < n t . 
Let X be the set of all functions / : {1, 2, . . . , t} — > {0, 1} such that: 

(i) f(i) = 1 if rii - rii-i > 2; 

(ii) f(i) = if m - rii-i = 1 and = d ni . 

Note that \X\ = 2 a where a = \{i E [l,t]; n^-i = rii — 1, rf ni l > d ni }|. 

For any A G 0(1^)2 and any n E M let be the radical of the restriction of 
(,) to K£ := A n (V- 2n ) (aline). 
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Note that: if < s < q < r, s G M, q £ M, r E M then Lf ^ L^. (Indeed, 
let x G Lf — 0. Then (x, if^) = hence x ^ if^ hence x £ and x £ L^.) If 
0<s<9<r,sGM,?6M,r6M and = then Lf = Lf = L^. (Indeed, 
let i6if-0. Then (x, Kf) = 0. But iGifc^C^ hence x G Lf. Thus 
= L^.) If s G M, g G M, = ^ then clearly = L^. 

We define / A : {1, 2, . . . , *} — {0, 1} by = if L£ = , = 1 if 

L^. 7^ . From the previous paragraph we see that /U G X and that for any 
in [0, i], /a determines whether L^. , 1^. are equal or not. 

For any f E X we set / o(F)^ = {A G o(f)^; /a = /}• Then the subsets f o(V)° 2 
(/ G X) are exactly the orbits of G 6 Q on = o(V)%. 

2. The pieces in the unipotent variety of G 

2.1. Given 5, 5' in we write 5 ~ 8' if for any z G N we have = or 

equivalently $5^ = q> v This is an equivalence relation on S^. Let Dq be the 
set of equivalence classes. The conjugation G-action on Dq induces a 67-action 
on Dq- If A G Dq, i G Z, we can write G> v instead of G 5 >il Q S >i where 
8 G A. If A G Dq, we have an action of G> on A given by g : 8 i— > 5' where 
5' (a) = g8(a)g~ 1 for all a G k*. We show: 

(a) i/ie conjugation action of G> on iTie set o/ pairs (5, T) where 8 G A and 
T is a maximal torus of G> containing S(k*) is transitive; hence the conjugation 
action of G> on A is transitive. 

Let (5, T), (5', T") be two pairs as above. Since T, T" are conjugate in G7> we can 
assume that T' = T. It is enough to show that in this case we have 6 = 6'. For 
any root a : T — * k* of G with respect to T we set 

g a = {x G g; Ad(t)x = a(t)x Vt G T}. 

For any root a define (6, a) G Z, (5', a) G Z by a(<J(a)) = a< 5 > a \ a(<J'(a)) = a< 5 '' a > 
for all a G k*. For z > we have 

5 5' 

®oi;{S,ce)=iQce = Q>i = 0>i = ©a; (S' ,ct)=iQa ■ 

Since each Q a is 1-dimensional and the sum J2 a 9a is direct it follows that 

{a; (5, a) = i} = {a; (o*', a) = i} 

for any i > 0. But then we automatically have {a; (8, a) = %} = {a; (6', a) = i} for 
any ieZ. It follows that (5, a) = (5', a.) for any root a. Define n G Hom(k*,T) 
by /j,(a) = 8'(a)5(a)~ 1 for any a G k*. Then a) = for any root a. Thus £t(k*) 
is contained in the centre of 67. Since <5(k*), <5'(k*) are contained in 67 der , we have 
u(k*) C 67 der . Thus £t(k*) is contained in the centre of 67 der , a finite group. Since 
A*(k*) is connected we have /i(k*) = {1} hence 5' = 8. This proves (a). 
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From (a) we see that 

(b) the obvious map ®q — * Dq induces a bisection G\®c G\Dq on the sets 
of G-orbits. 

In the remainder of this subsection we assume that 

(c) p > 1, k is an algebraic closure of the field F p with p elements and we are 
given a split F p -rational structure on G with Frobenius map F : G G. 

This induces a split F p -rational structure on g. For any 5 G Hom(k*, G) we define 
F 5 : k* -> G by ( F S)(z) = F{5{z^ 1 )) for z G k*. We show that for some 
g G G we have F 5(z) = g5(z)g~ 1 for all z. Let T be a maximal torus of G such 
that F(t) = t p for all t G T. We can find g± E G such that ^(k*)^" 1 C T. 
Then for z G k* we have <7i5(2)fl , i _1 C T hence -F^i^z)^ 1 ) = (gi5(z)g : [ 1 ) p = 
9l S(zP)g^ = F( gi ) F 5(zP)F(g^) hence F 5(z) = gS(z)g- 1 where g = F(gi)~ 1 g 1 , 
as claimed. In particular, if 5 G then F 5 G Dq and F J is in the same G-orbit 
as 5. From the definitions we see that if 5 G D G and i G N then g^ = F(sU) 

and G^7 } = F( G >i)- In particular if 5,5' in D G satisfy 5-5' then F 5 ~ F 5'. 
Thus the permutation 5 i— > F 5 of D G induces a permutation A i— > F A of -D G - This 
permutation maps each G-orbit in L> G into itself. 

2.2. Let A G -Dg, i > 0. Let (5, T) be such that 5 G A and T is a maximal torus 
of G> containing <5(k*). We will define an isomorphism of algebraic groups 

®6,T ■ d>i/d>i+l — > G>i/G>i+l- 

For any root a : T — > k* we define the root subspaces g a as in the proof of 2.1(a). 
Let G a be the root subgroup of G corresponding to g a . For any a we can find an 
isomorphism of algebraic groups h a : k — > G a ; it is unique up to composing with 
multiplication by a nonzero scalar on k; by passage to Lie algebras, h a gives rise 
to an isomorphism of vector spaces h' a : k — > g a . For any j > let Rj be the set 
of roots a such that (a, 5) = j (notation as in the proof of 2.1(a)). Then 

<p : k fll -> 0>i/fl>i+i, (ca) >-> ^ ^L(ca) mod 

V : k^ - Gfi/Gfi+i, (ca) ^ n /i a (c a ) mod G§ i+1 

are isomorphisms of algebraic groups. (The last product is independent of the order 
of the factors up to mod G> i+1 , by the Chevalley commutator formula.) We set 
*&s,t = ^</> _1 . Clearly $5,t is independent of the choice of the /i a . Now G> acts 
by conjugation on Gy i /Gy i+1 and this induces an Ad-action of G> on 0>j/0> i+ i- 
From the definitions we see that for any g G G> and any £ G 0>j/s>j+i we have 
^ fl 5s-i, fl T fl -i(0 = ^^^(Ad^- 1 )^)^- 1 . Let aeR l ,(3e Rj, j>0 and let c,c' G 
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k. If j > we have hp(c)h a (c')h f 3(c)~ 1 = h a (c') mod G A i+1 , Ad(/i /3 (c))/i^(c / ) = 
h' a (c') mod 0> i+1 . If j = we have (by the Chevalley commutator formula) 

/i /3 (c)/i a (c / )/i /3 (c)- 1 = h a (c') Ui>>o h V(3+a {m v c 1 ' c') mod 
where G Z are such that 

Ad(^(c))^(c') = ^(c') + E^ >0 ^ +Q ( m '' c< ' c ')' 
From these formulas we see that for any £ G 0>j/0>j_|_i we have ^^(Ad^)^) = 
fi , ^'(5,T(0fi ,_1 whenever (7 = fyg(c) with (3 G Uj>o-Rj, c G k. The same holds when 
g G T and even for any g in G A since this group is generated by T and by the 
h 13(c) as above. We see that for any g G G> and any £ G 0>;/0>; + i we have 
^$ 5)T (Ad(^- 1 )x)^- 1 = $ 5 ,t(£), hence ® gS g-\gTg-i(0 = $5,t(0- Using this and 
2.1(a) we see that $>s,t is independent of the choice of 5, T. Hence it can be denoted 
by <I>a- We can summarize the results above as folows. 

(a) For any A G Dq and any i > there is a canonical G> -equivariant 

isomorphism of algebraic groups $a : 0>i/s>i+i G>i/G>i+i- 

2.3. Let A G -Dq. For any 5 G A the subset 02 °f 02 can be viewed as a subset 
E" 5 of 0> 2 /0>3 via the obvious isomorphism 2 0>2/fl>3- F rom t ne definitions, 
for any g G G A we have E s<5s = Ad^E* 5 . Here we use the Ad-action of G> Q on 
0> 2 /0>3- This action factors through an action of G> G /G> 1 = Gq. Hence if we 
write g = g g' where #0 G G s ,g' G G> x we have Ad(g)~(T, 5 ) = Ad(g )T< s = E 5 (the 

last equality follows from Ad(<7o)02 ! = 02 ! )- Thus we have T I g5g = E* 5 . Using 
2.1(a) we deduce that T, 6 is independent of the choice of 5 in A; we will denote it 
by E A . Note that E A is a subset of 0> 2 /0> 3 stable under the action of G A . 
Let 6 A C G A 2 be the inverse image of E A under the composition G A 2 — > 

G> 2 /G$ 3 0> 2 /0> 3 where the first map is the obvious one. Now (5 A is stable 
under the conjugation action of G A on G> 2 and u 1— > u is a map 

(a) *G:UAeD G S A -»W G ,M^M. 

Theorem 2.4. Assume that G der (see 1.1) is a product of almost simple groups 
of type A, B,C,D. Then ~^>q is a bisection. 

The general case reduces easily to the case where G is almost simple of type 
A, B, C or D. Moreover we can assume that G is one of the groups GL(V), Sp(V), 
SO(V) in 1.3-1.5. The proof in these cases will be given in 2.5-2.10. We expect 
that the theorem holds without restriction on G. 

We now discuss some applications of the theorem. Let 21^ be the set of 67-orbits 
on Dq- Using 2.1(b) and the definitions we see that 21^ = %g' where G' is as in 
1.1. In particular 21q is a finite set which depends only on the type of 67, not on 
k. For any O G 21g we consider the set 

Zq = UAee>£ A . 

Note that G acts naturally on Z (this action induces the conjugation action of 
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G on O) and for any A G O the obvious map G A \E A i— > G\Zq is a bijection 
denoted by a; a <-> (We use the fact the stabilizer in G of an element A G Cis 
equal to G> .) Since G> \E A is a finite set whose cardinal is a power of 2 (see 1.9) 
we see that G\Zq is a finite set whose cardinal is a power of 2. For any A G -Dg 
and cj G G\Zq let (5 A be the inverse image of cua under the map (5 A — >■ E A in 
2.3; we have a partition 6 A = U w6G \^ 6 A . We set 

^=^G(UA e O© A ), 

wg' w = v1/ g (Ua 60 6 a ), (u G G\Z g ). 
The subsets IAq are called the pieces of They form a partition of IAq into 
subsets (which are unions of G-orbits) indexed by 21g = 21g'- The subsets IAq w 
are called the subpieces of Wg- When a; varies in G\Zq the subpieces W G a , form 
a partition of a piece W G into subsets (which are unions of G-orbits) ; the number 
of these subsets is a power of 2. 

If G is as in 1.3 then each piece of IAq is a single G-orbit. If G is as in 1.4 
(p = 2) then each subpiece of IAq is a single G-orbit.. If G, U are as in 1.5 (p = 2, 
dim V = 9) then there exist a subpiece of Wg which is a union of two G-orbits. 

In the remainder of this subsection we assume that 2.1(c) holds. Then for each 
O G 21g and n > 1, the piece IAq is F-stable and according to [L2], [L3], the 
number \{Uq) f \ is a polynomial in p n with integer coefficients independent of 
p, n. From the definitions we have 

(a) \(Ug) Fn \ = \0 Fn \ ■ |(G A 3 ) F "| • |(E A ) F "| 
where A is any point of O f (Note that O is F-stable by 2.1.) 

2.5. Let V, G, g be as in 1.3. A filtration of V is a collection of subspaces V* = 
(V> a )aez of y such that V> a +i C V> a for all a, V> a = for some a, V> a = V 
for some a). If a filtration as above is given, we set gr (V*) = V> a /V> a+ i for any 
a and gr(K) = © a g r o(K)- Let ^(V) be the set of filtrations K = (V> a ) a ez of 
F such that the grading (gr a (14)) of gr(V*) is good (see 1.3) or equivalently such 
that there exists a good grading (Vi) of V with V> a = ®i-i> a Vi for all i. 

If 5,5' G 53 g correspond to the good gradings (Vi), (V[) of V then 5 ~ 5' if 
and only if ® l -i> a V i = ®i-i> a V- for all a G Z. Setting V> = ©i ; i> a Vi we see 
that (V> a ) G ^(V) and that (~ —equivalence class of 5) i— > (V> a ) is a bijection 

For any V* = (V> a ) G ^(V) let C(K) be the set of all A G End(V) such that 
A(V> a ) C V> a+ 2 for any a G Z and such that the map A G End(gr(K K )) 2 induced 
by A belongs to End(gr(V*))!^. Note that £(V*) C Af s . Using 1.3(a) we see that in 
our case the following statement is equivalent to 2.4: 

(a) the map ^v„ed(v)^(V*) — * M Q , A i— > A, is a bijection. 
Let A ^ be the map W -> y(V) defined in [L2, 2.3]. Then A ^ (A, V*) is 
a well defined map Af g — > L-lv«€S(v)£C^*) which, by [L2, 2.4] is an inverse of the 
map (a). 

2.6. Let V, (,),G,Q = s(V) be as in 1.4. A filtration V* = (V> a ) aeZ of F is 
said to be self-dual if {x G V; (x, V> a ) = 0} = V>i_ a for any a. If this is so, 
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the associated vector space gr(V*) has a unique symplectic form (, ) such that 
(gr a (V*),gr a '(V;))o = if a + a' ^ and, for any x G gr a (V), y G gr_ a (U), we 
have (x, y)o = (x, y) where x G V> a , y G V>_ a are representatives of x, y. Note that 
(, )o is nondegenerate. Let $ s (V) be the set of self-dual nitrations V* = (V> a ) a( =z 
of V such that the grading (gr a (U*)) of gr(U*) is s-good (see 1.4) or equivalently 
such that there exists an s-good grading (Vi) of V with V> a = Q)i-i> a Vi for all i. 

If 5,5' G Do correspond to the s-good gradings (Vi), (V() of V then 5 ~ 5' 
if and only if © i; i> a U; = ©» ;i > a F/ for all a G Z. Setting V> a = ffi; ;i > a V; we see 
that (V> a ) G 3s (U) and that (~ —equivalence class of 5) i— > (V> a ) is a bijection 

Let .M(U) be the set of all nilpotent elements A G End(U) such that (Ax, y) + 
(x, Ay) + (Ax, Ay) = for all x, y in V (or equivalently such that 1 + A G Sp(V)). 
For any K = (V> a ) G fo(V) let be the set of all A G M(V) such that 

A(V> a ) C V> a+ 2 for any a G Z and such that the map A G End(gr(K K )) 2 induced 
by A belongs to End(gr(U*))2. Using 1.4(a) we see that in our case the following 
statement is equivalent to 2.4: 

(a) the map Uv*£!g 3 (v)£(V*) ~^ ■M-iY), A i— > A, is a bijection. 
If A G A4(V) then V* G ^(V) (see 2.5) is self-dual (see [L2, 3.2(c)]) and the map 
A G End(gr(V*))2 induced by A is in End(gr(V*))2 and is skew-adjoint with respect 
to (, )q (see [L2, 3.2(d)]); this implies that dimgr a (V*) is even when a is even, hence 
V* G 3 S (V). Then A i-> (A, V*) is a well defined map M(V) -> U K65s(v) |(K) 
which, by [L2, 2.4] is an inverse of the map (a). 

2.7. Let V, Q, (, ), G = SO(V), g = o(V) be as in 1.5. A filtration V* = (V> a ) aeZ 
of V is said to be a Q-filtration if for any a > 1 we have Q\v >a = and {x G 
V;(x,V> a ) = 0} = V>i- a - Then Q induces (as in [L3, 1.5]) a nondegenerate 
quadratic form Q : grV* — > k. 

Let $ (V) be the set of all Q-filtrations V* = (V> a ) ae z of V such that the 
grading (gr a (V*)) of gr(14) is o-good (see 1.5) or equivalently such that there 
exists an o-good grading (Vi) of V with V> a = ®i-i> a Vi for all i. 

If 5,5' G Do correspond to the o-good gradings (Vi), (V-) of V then 5 ~ <5' 
if and only if © i;i > a V; = ®i-i> a V( for all a G Z. Setting V> a = Q)i ;i > a Vi we see 
that (V> a ) G 3o(U) and that (~ —equivalence class of 5) i— > (V> a ) is a bijection 
L> G ^^ (y). Let 

A^(V) = {A G End(U); A nilpotent, 1 + A G 50 (V)}. 

For any V* = (V> ) G 3o(U) let be the set of all A G M(V) such that 

A(V> a ) C V> a+ 2 for any a G Z and such that the map A G End(gr(V*)) 2 induced 
by A belongs to o(gr(V*))2 (the last set is defined in terms of the grading (gr a (V*)) 
and the quadratic form on gr(V*) induced by Q). Using 1.3(a) we see that in our 
case the following statement is equivalent to 2.4: 

(a) the map L\v t e$ (V)V(V*) ~* -M^V), A \— > A, is a bijection. 
Assume first that p ^ 2. If A G M(V) then V* G $(V) (see 2.5) is in $ Q (V) (see 
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[L3, 3.3]). Then A ^ (A,V*) is a well defined map M(V) -> U v , effo(v) 7/(V;) 
which, by [L2, 2.4] is an inverse of the map (a). 

Next we assume that p = 2. If A G •M(V) we define a filtration VX = (V} a ) of V 
as in [L3, 2.5]. (Note that in general VX is not equal to V^ of 2.5.) From [L3, 2.5(a)] 
we see that VX is a Q-filtration and from [L3, 2.9] we see that V* G $ (V) and 
A G v(K A )- Th en A i-> (A,VX) is a well defined map M(V) -> Uy, e ff (y)f7(V;) 
which, by [L3, 2.10] is an inverse of the map (a). (An alternative proof of (a) is 
given in 2.9-2.10.) 

2.8. Let V,Q, (,),G = SO(V) be as in 1.5. In the remainder of this section we 
assume that p = 2. 

For any nonzero nilpotent element T G End(F) let e = er be the smallest 
integer > 2 such that T e = 0; let / = /t be the smallest integer > 1 s.t. QT? = 0. 
We associate to T a subset of V as follows. 

(i) H T = {x G V; T e_1 x = 0} if e > 2/, 

(ii) H T = {xe V; T e ~ 1 x = 0, QT^~ x x = 0} if e = 2/ - 1, 

(iii) H T = {xe V; QT^~ x x = 0} if e < 2f - 1. 

We fix an o-good grading F = ®iVi such that V ^ Vq. For a G Z let V> a = 
V« + V a +i + . . . . Let to > 1 be the largest integer such that V m ^ 0. Let 
A G 0(^)3. Note that A ^ and A is nilpotent hence e := e^, / := /a, Ha are 
defined. 

From the definition of 0(^)2 we see that: 

(a) Ifm is odd then e = 2/ = m + 1. Ifmis even then either e = 2/ — 1 = m+1 
or e < 2f — l = m + l. in any case, V>_ m +i = i^^- 

Let T G End(V) be such that C := T - A satisfies C(V) C V> i+3 for any i. Then 
T ^ 0, r(l/j) C V>i + 2 for any i hence T is nilpotent so that e = e^, / = fr, Ht 
are defined. We shall prove successively the statements (b)-(j). 

(b) If2n>m then QT n = 0, QA n = 0. Hence ifm is odd then f < (m+ l)/2, 
/ < (m+ l)/2; t/m even then f < (m + 2)/2, 60/ < (m + 2)/2. 

To show that QT n = it is enough to show that Q(T n x) = whenever x G V$, 
z > — m and (T n x,T n x') = whenever a; G V$,x' G Vj-, > — to. This follows 
from T n x G V>i and Q\ v ^ = 0, (V>i, V>i) = 0. The equality QA n = is proved 
in the same way. 

The following result is immediate. 

(c) Let P n G End(F) be a product of n factors of which at least one is C and 
the remaining ones are A. Then P n (Vi) C V>j+2 n +i for all i. Hence if n > m 
then P n = 0. 

(d) Ifn>m then T n = A n . 

Indeed, T n = A n + J2P n where each term P n is as in (c). Hence the result follows 
from (c). 

(e) If e > 2/ - 1 then T g_1 = A E ~ l ^ 0, T E = A E = 0; hence e = e. Moreover 
if e = 2/ then Ht = Ha- 

In our case we have e = to + 1 (see (a)) hence the first sentence follows from (d). 
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If e = 2f then m is odd and e = e = 2f = m + l>2f (see (b)) hence e > 2f and 

H T = {x G V; T e ~ 1 x = 0} = {x G V; T g_1 a; = 0} 
= {i£ V; = 0} = H A . 

(f) if 2n > m, P n is as in (c) andP' n is like P n then QP n (V) = 0, (P n (V) , P^(V)) =| 
0,(A n (V),P n (V)) = 0. 

By (c) we have P n V % C V>i if z > -to hence P n (V) C V>i. Also, A n U C V> . It 
is then enough to use: Q\v >x = 0, (V>i, V>o) = 0. 

(g) If2n>m then QT n ~= QA n . 

We have T n = A n + Pn where each term P n is as in (c). Hence for x G V we 
have QT n x = QA n x + £QP n ;r + E(A n ,P n x) + £(P n z,P» with P' n like P n 
and we use (f). 

(h) Ife<2f then QT^' 1 = QA^ ^ 0, QT? = QA? = 0; hence f = f. 
In this case we have 2(f — 1) = to, 2f > m. Hence result follows from (g). 

(i) Ife< 2/-1 then e <2f -1. 

In this case we have / = / = (to + 2)/2. We must show that e < to + 1. By (d) 
we have T m = A m . Since e < to (see (a)) we have A m = hence T m = and 
e < to + 1. 

(j)_ // 2/ = e t/ien e = e = m + l>//2. // 2/ - 1 = e t/ien e = e = m + 1, 
/ = / Zience 2/-1 = e. 7/2/-1 > e toen f = f = (m + 2)/2 and2f-l > e. In 
each case we have Ht = Ha hence Ht = V>_ m +i and m = max(e — 1, 2/ — 2). 

2.9. We give an alternative proof of the injectivity of the map 2.7(a). We argue 
by induction on diml/. If diml/ < 1, the result is trivial. Assume now that 
dimF > 2. Let T G .M(V) and let V* = (V> ), V* = (V> ) be two nitrations 
in $o(V) such that T G 7/(14) and T G 7/(14)- We must show that V* = 14- 
Let T G End (gr 14)27 T\ £ End(grl4)2 be the endomorphisms induced by T. If 
T = then, using the fact that T G t/(V*) we see that gr a (14) = for a 7^ 
hence V>i = 0, V> = V; since TV = T(V> ) C V> 2 = we see that T = 0, 
hence T\ = and V>i = 0, V> = V; thus 14 = V* as desired. Similarly, if 
T\ = then 14 = 14 as desired. Thus we can assume that T 7^ 0, T\ 7^ 0. 
Hence gr a (14) 7^ for some a ^ and gr a (14) 7^ for some a 7^ 0. Let to > 1 
be the largest integer such that gr m (V*) 7^ 0. Let to > 1 be the largest integer 
such that gr^(14) 7^ 0. Using 2.8(j) we see that V>_ m +i = Jir = V>-m+i, 
m = max(eT — 1, 2 fx — 2) = to. It follows that to = m and V>_ m+ i = V>_ m +i. 
Since 14 is a Q-filtration we have V> m = {x G V; (x, V>_ m+ i) = 0; = 0}, 
see [L3, 1.4(b)]. Similarly we have V> m = {x G V; (x, V>_ m +i) = 0;C}(x) = 
0}. Hence V> m = V> m . Let V = V>_ m+ i/V> m = V>_ m+ i/V> m . Note that 
V has a natural nondegenerate quadratic form induced by Q. We set V> a = 
image of V> a under V>_ m+ i — > V (if a > — m + 1), V> a = (if a < — m + 1). 
We set V£ a = image of V> a under V>_ m+ i -> V (if a > -m + 1), V> a = (if 
a < -m + 1). Then V/ = (V^ a ), = (V^ a ) are filtrations in ^(V). Also T 
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induces an element T" G M(V) and we have T" G T> G ^(K')- Note also 

that dim!/' < dimF. By the induction hypothesis we have VI = V*. It follows 
that V> a = V> a for any a > — m + 1. If a < —m + 1 we have V> a = V> a = V . 
Hence V* = V*, as desired. Thus the map 2.7(a) is injective. 

2.10. We give an alternative proof of the surjectivity of the map 2.7(a). By a 
standard argument we can assume that k is an algebraic closure of the field F2 
with 2 elements. We can also assume that dim]/ > 2. We choose an F2-rational 
structure on V such that Q is defined and split over F 2 . Then the Frobenius 
map relative to the F 2 -structure acts naturally and compatibly on the source and 
target of the map 2.7(a). We denote each of these actions by F. It is enough to 
show that for any n > 1 the map a n : (^v t: €3o(v)V(V*)) F — > ■M-(V) F , A 1— > A 
is a bijection. (Here () F is the fixed point set of F n .) Since a n is injective (see 
2.9) it is enough to show that |(U K6 5 o(y) ?7(V*)) F " I = \M{V) pn \. By [St, 15.1] we 
have \M.(V) F I = 2 nr where r is the number of roots of G. It is enough to show 
that 

( a ) XV«e3o(V) F ™ IviV*) I = 2nr - 
Now the left hand side of (a) makes sense when k is replaced by an algebraic closure 
of the prime field with p' elements where p' is any prime number; moreover this 
more general expression is a polynomial in p' n with integer coefficients independent 
of p', n (see [L3, 1.5(e)]). When p' 7^ 2, this more general expression is equal to p' nr 
since 2.7(a) is already known to be a bijection in this case. But then (a) follows 
from this more general equality by specializing p' n (viewed as indeterminate) to 
2 n . 

2.11. Assume that G is as in 2.4 and that A, A G Dq are conjugate under G. We 
show: 

(a) if u G © A , u G G> 2 f or some u then A = A. 
We can assume that G is as in 1.3, 1.4 or 1.5. 

Assume first that G, 0, V are as in 1.3. We prove (a) by induction on dimF. 
If V = the result is trivial. We now assume that V 7^ 0. Let V* = (V> ), 
V* = (V> ) be the objects of $(V) corresponding to A, A. Let m be the largest 
integer > such that gr m V* 7^ 0. If m = then V a = V for a < m and V a = 
for a > m. Since V*, V* are G-conjugate we have V* = V*. Thus we may assume 
that m > 1. We have V>_ m = V, V> m+ i = 0. Since V*, V* are G-conjugate 
we see that V>_ m = V, V> m +i = 0. We set x = u — 1. From x G £(V*) we 
deduce V>- m+1 = ker(x m : V — > V), V> m = From x(V> a ) C V> a+2 

for all a we deduce x m (V>- m+1 ) C V>_ m+ i+ 2m = 0, x m (V) = x m {V>- m ) C 
V>- m +2m = V> m . Thus, V>_ m+ i C ker(x m : V — * V) and V>- m+ i C V>_ m+ i; 
moreover, V> m C V> m . Since V*, V* are G-conjugate we have dimV>_ m+ i = 
dimV>_ m+ i, dimV> m = dimV>^ hence V>_ m +i = V>_ m+ i, V> m = V> m . Let 
V = V>- m+ i/V>m = V>_ m+ i/V> m . Now V*,V* give rise in an obvious way to 
two elements Vl, VI of $(V) and u gives rise to a unipotent element it' G GL(V) 
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such that it' — 1 € f (VJ) and (u'-l)(V£ ) C V£ a+2 for all a. Since dim V < dim V, 
the induction hypothesis shows that VI = V£. It follows that V* = V*. This proves 
(a) in our case. 

Assume next that 67, g, V, (, ) are as in 1.4. In this case the proof is essentially 
the same as in the case of 1.3. The same applies in the case where G,g,V,Q,(,) 
are as in 1.5 and p ^ 2. 

In the remainder of this subsection we assume that 67, V, Q, (, ) are as in 1.5 and 
p = 2. We prove (a) by induction on dimF. If V = the result is trivial. We now 
assume that 7^0. Let V* = (V> a ), V* = (V> a ) be the objects of $o(V) corre- 
sponding to A, A. Let m be the largest integer > such that gr m V* 7^ 0. If m = 
then V a = V for a < m and V a = for a > m. Since V*, V* are G-conjugate we 
have V* = V*. Thus we may assume that m > 1. We have V>_ m = V. Since K, 
V* are 67-conjugate we see that V>_ m = V. Let a; = it — 1. From x(V> a ) C V> a +2 
for all a we deduce x m (V>_ m+ i) C V>_ m +i+2m = 0; moreover if m is even we 
have Qx m / 2 (V>- m+1 ) c QV>_ m+1+TO = QV> X = 0. _ 

Thus, V>_ m+ i C G V; x m v = 0} and if m is even, V>_ m+1 C {v G V; Qx m ^ 2 v =| 
0}. Recall from 2 . 8 ( j ) that m = max(e x — 1, 2f x —2). If e x > 2f x we have m = e x — 1 
and 

V>_ m+ i C {f)6 F;^-^ = 0} = H x = V>- m+1 . 
If e x < 2f x — 1 we have m = 2f x — 2 and 

V>_ m+ i C G Qx^" 1 ^ = 0} = = V>_ m +i- 
If e x = 2f x — 1 we have m = 2f x — 2 = e x — 1 and 

V>_ m+ i C {i> G V- x e *- x y = 0} D {v eV; Qx^~ x v = 0} = = V>_ m +i- 
Thus in any case we have V>_ m +i C V>_ m +i. It follows that V> m = V> m . Let 
V = V>- m+ i/V> m = V>- m +i/V> m . Note that Q induces naturally a nondegen- 
erate quadratic form on V . Also V*, V* give rise in an obvious way to two elements 
V#>V* °f $o(V) and u gives rise to a unipotent element u' G 5 , 0(V A/ ) such that 
(«' - 1) G 7/'(K) and («' - 1)(V>J C V£ a+2 for all a. Since dimF' < dimF, the 

induction hypothesis shows that VI = V*. It follows that V* = 14. This proves 
(a) in our case. 

Appendix: The pieces in the nilpotent variety of g 

by G. Lusztig and T. Xue 

A.l. For any A G -Dg let s A C $j> 2 be the inverse image of £ A (see 2.3) under 
the obvious map $j A 2 — > 0> 2 /g> 3 . Now s A is stable under the Ad-action of 67> 
on A 2 and a; 1— > x is a map 

: U AeDg s A ->JV 8 . 

Theorem A. 2. Assume that G der (see 1.1) is a product of almost simple groups 
of type A, B,C, D. Then \l/ s is a bisection. 
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The general case reduces easily to the case where G is almost simple of type 
A, B, C or D. Moreover we can assume that G is one of the groups GL{V), Sp(V), 
SO(V) in 1.3-1.5. The proof in these cases will be given in A.3-A.4. We expect 
that the theorem holds without restriction on G. 

A. 3. If V, G, q are as in 1.3, the proof of A. 2 is exactly as in 2.5. Now assume 
that V, (,),G,fl = s(V) are as in 1.4. For any V* = (V> ) G $ a (V) let be 
the set of all A G s(V) such that A(V> a ) C V> a+ 2 for any a G Z and such that 
the map A G End(gr(V*)) 2 induced by A belongs to End(gr(V*))2. Using 1.4(a) 
we see that in our case the following statement is equivalent to A. 2: 

(a) the map ^v*€d s (v)C(^*) ~ > -A/ B > A i— > A, is a bijection; 
If A e Af g then V* G £(V) (see 2.5) is self-dual and the map A G End(gr(V*))2 
induced by A is in End(gr(V*))2 and is skew-adjoint with respect to (, )o (the 
proofs are completely similar to those in [L2, 3.2(c)], [L2, 3.2(d)]; this implies that 
dimgr a (V*) is even when a is even, hence G $ S (V). Then A i— > (A, V^) is a 
well defined map Af s — > Uv«e3s(v)£,'(V*) which, by [L2, 2.4] is an inverse of the 
map (a). 

A.4. Let V,Q,(,),G = SO(V),g = o(V) be as in 1.5. For any V* = (V> ) G 
$o(V) let t/'(K) be the set of all A G o(U) such that A(V> a ) C V> a+2 for any 
a G Z and such that the map A G End(gr(V*))2 induced by A belongs to o(gr(V*))2 
(the last set is defined in terms of the grading (gr a (V r *)) and the quadratic form on 
gr(V*) induced by Q). Using 1.5(a) we see that in our case the following statements 
are equivalent to A. 2: 

(a) the map L\v^edo(v)V' (^*) — * Nq, A A, is a bijection. 
Assume first that p ^ 2. If A G JV B then V* A G 3(F) (see 2.5) is in $ (V) (by 
an argument entirely similar to that in [L3, 3.3]). Then A i— > (A, V^ 4 ) is a well 
defined map Ag — * Uy.egofy) 7 /^*) which, by [L2, 2.4] is an inverse of the map 
(a). It remains to prove (a) in the case where p = 2. 

We show that the map (a) is injective. The proof is almost the same as that in 
2.9. We argue by induction on dim V. If dim V < 1 the result is trivial. Assume 
now that dimU > 2. Let T G o(V) and let V* = (V> a ), U* = (V> a ) be two 
filtrations in $ (V) such that T G r] f (V*) and T G 77' (V^)- We must show that 
U* = V*. Let T G End(grV*)2, 2\ G End(grt*)2 be the endomorphisms induced 
by T. If T = or f" = then, as in the proof in 2.9 we see that U* =V*, as desired. 
Thus we can assume that T ^ 0, T\ ^ 0. Hence gr a (U*) 7^ for some a^O and 
gr a (U*) 7^ for some o^O. Let m > 1 be the largest integer such that gr m (V*) 7^ 
0. Let rh > 1 be the largest integer such that gr^(V*) 7^ 0. Using 2.8(j) we see 
that V>_ m+ i = Ht = V>-fh+ii m = max(er — 1, 2/x _ 2) = rh. It follows that 
m = fh and V>_ m +i = V>_ m+ i. Since U* is a Q-filtration we have V> m = {x G 
V; (x, V>_ m+ i) = 0;Q(:r) = 0}, see [L3, 1.4(b)]. Similarly we have V> m = {x G 
V; (x,V>-rn+i) = 0;Q(x) = 0}. Hence V> m = V> m . Let V = V>- m+1 /V> m = 
V>- m +i/V> m . Note that V has a natural nondegenerate quadratic form induced 
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by Q. We set V> a = image of V> a under V>_ m+ i — ► V (if a > -m+ 1), V> a = 
(if a < — ra+1). We set V"> a = image of V> a under V>_ m +i — > V' (if a > — m+1), 
V£ a = (if a < -m + 1)7 Then V/ = (V£ a ), VI = (V£J are filtrations in $ (V). 
Also T induces an element T" G o(V) and we have T G rfiyl), T' G Note 
also that dim V < dim F . By the induction hypothesis we have VI = V£. It follows 
that V> a = V> a for any a > —m + 1. If a < —m + 1 we have V> a = V> a = V. 
Hence V* = V*, as desired. Thus the map (a) is injective. 

We show that the map (a) is surjective. The proof is somewhat similar to that 
in 2.10. By a standard argument we can assume that k is an algebraic closure of 
the field F 2 with 2 elements. We can also assume that dimF > 2. We choose 
an F2-rational structure on V such that Q is defined and split over F2. Then the 
Frobenius map relative to the F2-structure acts naturally and compatibly on the 
source and target of the maps (a) and 2.7(a). We denote each of these actions 
by F. It is enough to show that for any n > 1 the map (Uv*e$o(v)V'(V*)) Fn ~^ 
A/" F ™, A 1— > A is a bijection. (Here () F ™ is the fixed point set of F n .) Since 
the last map is injective (by the previous paragraph) it is enough to show that 
I Uv. e * o( v) i{V*)) Fn \ = From 2.10 we see that | U v ^ So(v) ?7(V*) F "| = 2™ 

(r as in 2.10). According to [S] we have also \J\fg | = 2 nr . It is then enough to 
show that 

I LV. eifo (v) r}'(V*)) Fn \ = I Uv*ez (V) r?(K) F "| 
or equivalent ly that 

Y.v*e$ (v)F n W(V*) F I = Ev,e5o(v) F " \v(V*) F |. 
It is enough to show that for any V* G $ (V) F we have \r]'(V*) F \ = \r)(V*) F \. 
From the definitions we have \r](V*) F \ = |o(gr(K K )2|2 nd where d is the dimension 
of the vector space {C G o(V);C(V> a ) C V> a+3 Va}. From [L3, 1.5(c), (d)] we 
see that \r](V*) F \ = |o(gr(l/ H <)2|2 n ' i where d is as above. We see that \r]'(V*) F \ = 
\r](V*) F \. This proves the surjectivity of the map (a) and completes the proof of 
A.2. 

A. 5. Assume that G is as in 2.4 and that A, A G Dq are conjugate under G. The 
following statement is a strengthening of the statement that \l/ in A. 2 is injective: 

(a) If x G s A , x G g> 2 f or some x then A = A. 
The proof is essentially the same as that of 2.11(a). 

A.6. Let G be as in A.2. Let O G 2t G (see 2.3). For any A G Dq and u G G\Z Q 
(see 2.3) let s A be the inverse image of uja (see 2.3) under the map s A E A in 
A.l; we have a partition s A = U lJjeG \ Zo 5 A . We set 
A^ = vi> (u A6o5 A ), 

A/?'" = tf G (U A60 s£), (a, g G\Z ). 
The subsets MP are called the pieces of Af g . They form a partition of Af g into 
subsets (which are unions of G-orbits) indexed by 21q = 2tc. The subsets N®^ 
are called the subpieces of J\f g . They are in bijection with the subpieces of G. 
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When uj varies in G\Zq the subpieces N® u form a partition of a piece Mq into 
subsets (which are unions of G-orbits) ; the number of these subsets is a power of 
2. 

In the remainder of this subsection we assume that 2.1(c) holds. Then for each 
O E Sic and n > 1, the piece J\f® is F-stable and from the definitions we have 
\Af°) pn \ = \O pn \ ■ |(s| 3 ) F "| • |(S A ) F "| where A is any point of O f . (Note that 
O is F-stable by 2.1.) We have |(s> 3 ) F "| = |Gf 3 ) F "|. Using this and 2.4(a) we 
see that |(A/" e ') F ™| = |(Wq) f ™|. In particular, |(A/ e ') F ™| is a polynomial in p n with 
integer coefficients independent of p, n. 
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